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We have performed systematic experiments on vane intruders of different sizes and aspect ratios that are
immersed and slowly rotated in beds of monodisperse glass beads of different diameters. We find that the
torque and lift force on the vane increase with bead size. The measured torque on the rotating vanes follows a
scaling behavior that depends on the effective immersion depth and the effective vane diameter. The torque
increases with the square of the effective immersion depth and the square of the effective vane diameter, and
closely resembles the scaling behavior previously reported for the torque on rotating cylinders. We also find
that the vertical lift forces have a supralinear dependence on the effective immersion depth, and qualitatively
resemble the plunging forces produced when an intruder is slowly immersed into beds of glass beads.
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I. INTRODUCTION

Moving an intruder through granular matter is a common
industrial process for mixing as well as the prevention of
jamming and arching in granular flows. Many different types
of experiments probing different aspects of intruder motion
have been performed, such as intruders inserted in hopper
flows �1,2�, moving through granular beds �3–10�, rotating
intruders commonly known as Couette geometries �11,12�,
and impeller geometries for mixing �13,14�. These investiga-
tions have concentrated on force measurements in the direc-
tion of motion, which we call the drag force. However,
forces orthogonal to the main direction of motion also occur
�3�, and have received far less attention although they can be
considerable.

Early experiments on vertical posts partially immersed in
rotating beds of sand were performed by Wieghardt, where
the drag forces increased with immersion depth and post di-
ameter, and depended weakly on the translational velocity
�3�. Albert et al. �4,5� performed similar experiments at
much slower velocities and with glass beads that were pre-
sheared by a granular comb in front of the vertical post �15�.
They found that the mean drag forces were independent of
the velocity for small velocities �less than a few mm/s�. A
simple scaling dependence of the drag force on the post di-
ameter D and immersion depth Z was determined: F
��gDZ2. They explained the parabolic dependence of the
force on the post’s immersion depth in terms of the mean
granular pressure on the post, where the granular pressure
increases linearly with depth. They also reported that the
bead diameter had a negligible influence on the mean drag
force. Zhou et al. �8,9� measured the drag forces on cylinders
translating in confined beds of aluminum oxide granules, and
reported results similar to those of Albert et al.; the drag
forces were independent of velocity and proportional to rod
diameter. However, Zhou et al. also found that the drag
forces increased with the particle size, which in part was
attributed to the aspherical shape of the granules.

Chehata, Zenit, and Wassgren performed experiments on
cylinders inserted into slow, dense hopper flows using glass

beads �1�. The drag force was found to increase linearly with
the granular pressure, post diameter, and post length, which
was in general agreement with the translating post measure-
ments by Albert et al. �4,5�. However, they found that the
drag force depended on the bead size, and in their data analy-
sis introduced an effective post diameter, which was the sum
of the post and bead diameter D+d.

The rotational drag, i.e., torque, on cylinders slowly rotat-
ing in granular beds has been investigated by several groups.
Tardos et al. �11,12� performed experiments with powders,
and found that in the slow regime, the torque was indepen-
dent of the rotational velocity and bead size. The torque mea-
surements also had a parabolic depth dependence and fol-
lowed a simple scaling behavior ���gD2Z2. Bocquet et al.
also performed experiments on rotating cylinders, and found
a similar trend �16,17�. Both groups interpreted their results
using continuum theories.

A consistent picture for the drag on cylinders either
slowly translating or rotating in granular matter emerges
from these studies. The drag force is related to the mean
granular pressure on the cylinder, which in the case of granu-
lar beds increases parabolically with the immersion depth.
Translational drag increases linearly with the cylinder diam-
eter, and the rotational drag increases with the square of the
cylinder’s diameter. It should, however, be pointed out that
for some studies the particle size had an effect and was taken
into account �1,2�; whereas, for other studies the particle size
had only a negligible affect �4,5,11,12�.

Rotating vanes have been used to characterize the rheo-
logical properties of many complex fluids, because the ge-
ometry prevents slipping of the sidewalls against the sheared
material, which can occur for rotating cylinders �18�. Vanes
have been used to measure the yield stresses �19,20�, and
thixotropic behavior �21� of fluids. DaCruz et al. �22� em-
ployed vanes to measure the yield stresses and thixotropy of
granular matter and make comparisons with the rheology of
foams and emulsions.

In this study we perform granular drag experiments with
vanes rotating in beds of monodisperse glass beads using a
different rheological procedure. We investigate the depen-
dence of the rotational drag on the immersion depth, the vane
dimensions and the bead diameter; in Sec. IV we show scal-
ing behavior that is an extension of the continuum theories
for rotating vanes. Moreover, our rheological procedure also*Electronic address: skoehler@physics.emory.edu
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measures the lift force, which is the vertical force on the
rotating vane, and in Sec. V we show its scaling behavior.

II. EXPERIMENTAL PROCEDURE

Experiments were performed using an AR2000 rheometer
by TA instruments, which simultaneously measures the nor-
mal force and torque with a dynamical range of five decades.
The shearing geometries were vanes of different width and
thickness that were partially immersed in beds of monodis-
perse glass beads. Figure 1�a� shows the disturbance of the
surface of the glass beads caused by slow rotation of a vane,
which is localized about the vane. Figure 1�b� shows the
experimental configuration, where the vane is partially im-
mersed to depth z in a bed of monodisperse glass beads of
diameter d. Six different vane geometries were used with
widths ranging from 6 to 51 mm, thicknesses varying from
0.5 to 13 mm and aspect ratios T /W varying from 1/40 to
1/2. Two of the geometries were glass, and the rest were
aluminum—there were no discernible differences in the re-
sults. Four different sizes of glass beads were used with di-
ameters 0.5, 0.9, 2, and 5 mm. �In the experiments reported
here the surfaces were smooth; however, wrapping the vanes
with sandpaper did not alter the resistance.� Thus for the
combination of the largest glass beads and smallest vanes the
system granularity, defined in terms of the ratio of the bead
diameter to vane width, was close to unity.

We developed a rheological procedure to measure the
drag and lift forces on vane geometries for a range of immer-
sions depths 0�z�75 mm, by simultaneously changing the
vertical position of the geometry and maintaining a set an-
gular velocity. The beads were in a large Pyrex glass dish
with a diameter of 18.7 cm and a vertical height of 10 cm.

Prior to each experiment, the glass beads were manually
stirred and then leveled to produce a flat surface. Then the
intruder was immersed into the granular bed to a depth of
z�65 mm. The rheometer presheared the beads for one
minute at this immersion depth with an angular velocity �
=2 rad/s. During the experiment the angular velocity was
held at �=2 rad/s, and the intruder was slowly withdrawn at
a rate of 25 �m/s out of the bed. Then the vane was slowly
immersed back into the granular bed at the same rate of
25 �m/s, until it reached the initial immersion depth. The
vertical motion of the intruder was sufficiently slow that the
torque and vertical force measurements were the same
whether the vane was moving upward or downward. We
verified that the experiments were in the quasistatic regime,
by checking that increasing and decreasing the shearing rates
did not alter the torques and forces.

The immersion depth z of the vane was determined from
the torque measurements. As long as a portion of the intruder
is inside the granular bed a torque is registered, and when it
is outside the granular bed the torque drops to zero. The
transition between zero and nonzero torque locates the top of
the surface of the granular bed, i.e., z=0. Repeating the ex-
periments showed good reproducibility of the torque and ver-
tical force to within 5% and 15%, respectively. We verified
that this continuous procedure yielded the same results as for
a discrete procedure, where the geometry is rotated at a fixed
immersion depth. So although the experiments may appear
slow, because their duration typically was 90 min, in fact
they are significantly faster and more accurate than using the
discrete procedure at several different immersion depths.

III. RESULTS

Measurements show that the torque and lift on the rotat-
ing vanes increase with the bead size, immersion depth, vane
width, and vane thickness. Figure 2 shows the dependence of
the torque and lift plotted against an effective immersion
depth z+d /2. Results for three vanes rotating in the d=0.5
and 5 mm diameter glass beads are shown. It should be
noted that the rotational drag forces and the vertical lift
forces are comparable, because the distance of the vane’s
outer edge to the center of rotation is on the order of centi-
meters. As expected, the relative fluctuations of the torque
and lift force increase with the granularity of the system, i.e.,
as the bead size becomes large relative to the dimensions of
the vane. Furthermore, the fluctuations of the lift are about

FIG. 1. �Color online� �a� Vane rotating at 0.1 rad/s in bed of
0.5 mm glass beads. The image brightness is a measure of the dis-
turbance caused by rotation. �b� Schematic of vane immersed within
the granular medium.

FIG. 2. �Color online� Drag
and lift on vanes of different di-
mensions W�T immersed into
two granular beds, with bead di-
ameter d=0.5, 5 mm. �a� Torque
plotted against the effective im-
mersion depth z+0.5d. For the
two smallest geometries, the data
have been smoothed. �b� Lift plot-
ted against the effective immer-
sion depth, where the data have
been smoothed.
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an order of magnitude greater than the torque fluctuations. In
fact, the fluctuations of the lift for the largest beads and
smallest geometries were so large, that the corresponding
data set was not included in Fig. 2�b�.

The choice of the effective immersion depth z+d /2 for
the abscissa of Fig. 2 can be justified with a simple geomet-
ric argument. A rotating vane inserted at nominal depth z will
be in physical contact with a volume of granular medium
that is one bead size deeper than the vane; therefore, the
resulting sheared region for larger beads extends deeper than
for smaller beads. Thus the effective immersion depth is
about one bead radius deeper than the nominal immersion
depth. Plots of the torque support this assumption by show-
ing a power-law trend over the entire range, when the im-
mersion depth is increased by a bead radius. As seen from
the plots, the torque measurements have a parabolic depen-
dence on the immersion depth, which is the trend observed in
previous studies �4,11�—see Eq. �1�. Without including the
bead radius, the results for the smallest beads are relatively
unaffected; however, the torque measurements for the largest
beads deviate from a straight line for small immersion depths
z�10 mm. So inclusion of the bead dimensions for the ef-
fective immersion depth preserves the parabolic trends for
the torque at small depths and is based upon an intuitive
geometric argument.

The torque and lift forces increase with the bead size, and
is most pronounced when the smallest vane is combined with
the largest beads. For example, increasing the bead size from
d�W /10 to d�W increases the torque roughly be a factor
of 4. A similar trend is observed for the lift forces; increasing
the bead size from d�W /10 to d�W increases the torque
roughly be a factor of 2.

IV. SCALING OF THE ROTATIONAL DRAG

Previous experiments performed with rotating cylinders in
granular beds have been interpreted using continuum ap-
proaches. Tardos et al. used a critical-state soils approach
�11,12� and found that the granular pressure increases lin-
early with depth beneath the surface, N��gz. Using Aman-
ton’s friction law, the frictional stress acting on the side of
the cylinder at a certain depth is 	���gz, where � is the
dynamic friction coefficient. Thus, the torque on a cylinder
immersed to depth Z is a surface integral of the shear stress

over the side, which can be written as a scaling relationship

�

�gD4 = c� Z

D
�


, �1�

with prefactor c=�� /4 and immersion depth exponent 

=2. This result was in good agreement with the experiments
they performed on powders �11�. Another continuum ap-
proach for rotating cylinders based upon hydrodynamics was
developed by Losert et al. �16� and Bocquet et al. �17�.
They developed an expression for the effective viscosity, and
in the limit of slow flows obtained results similar to those of
Tardos et al. �although the prefactor was not explicitly
determined�.

To understand the rotational drag measurements we use a
scaling approach similar to Eq. �1� that was developed using
continuum theories. Since the experiments clearly show that
the drag increases by increasing the ratio of particle diameter
to vane dimensions, T and W, the bead size can not be ne-
glected. We choose to incorporate the finite bead size using
effective lengths for the immersion depth and the vane diam-
eter, which are augmented by the particle size. This can be
justified by considering the nominal volume of particles that
touches a thin vane during a rotation, which is a cylinder of
width W+2�d, and depth Z+d. Thus we choose Z+�d for
the effective immersion depth, W+2�d for the effective
width, and T+2�d for the effective thickness. We expect � to
be a correction of order 1. Since the vane has a finite thick-
ness, which varies from much smaller than the width to half
the width, it is reasonable to expect that the vane’s thickness
affects the torque, and enters into the geometrical length
scale D of Eq. �1�. In Table I, different analytical forms for
the vane’s effective length scale and immersion depth are
given. For each formulation parameters were determined by
minimizing the corresponding 
2 error. Since log-log plots
are used, and power laws are expected, the fitting error is
given in terms of the logarithmic deviations between the
measured values mi, and the predicted values pi: 
2

=	i
N�ln�mi / pi��2 /N.
Table I gives the parameters c, D, Z, 
, and the 
2 error

from the best fit for four different formulations of Eq. �1�.
The first row gives the best fit for the simplest relationship
for the torque �=0.83�gW1.93z2.07, which neglects the vane
thickness and bead size, and also gives the largest fitting
error. The vane thickness can naturally be incorporated by
using the vane “diameter,” which we define as 
W2+T2. The
second row of the table shows that this improves the fit
slightly. The best fit, corresponding to the smallest 
2 error,
involves the effective vane diameter and immersion depth.
Good agreement with the rescaled data using this formula-
tion is shown by the master plot of the rescaled torque versus
the rescaled immersion depth in Fig. 3�a�. Figure 3�b� shows
how the fitting error varies with � and 
.

The best fit for the torque, which involves the vane diam-
eter and effective immersion depths, is in good agreement
with the scaling given for rotational drag on cylinders given
by Eq. �1�, which was determined from continuum ap-
proaches �11,12,16,17�. The fitted exponent is 
=1.97±0.2,
and is in good agreement with the exponent 
=2, which has

TABLE I. Best-fit parameters to the torque given in Eq. �1�, in
order of increasing complexity. The effective vane length is D and
the effective vane immersion depth is Z. Note that z is the nominal
immersion depth, as described in the experimental procedure. En-
tries containing “NA” indicate that the corresponding term is not
applicable and has been omitted.

D Z c � 
 
2

W z 0.83 NA 2.07 0.084

W2+T2 z 0.76 NA 2.10 0.080

W+2�d z+�d 0.69 0.46 1.96 0.035

W2+T2+2�d z+�d 0.62 0.52 1.97 0.024
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been calculated using continuum approaches. The vane di-
ameter is augmented by 1.24d, and the immersion depth is
augmented by 0.62d, which is in agreement with the simple
geometrical argument given above. Finally, we compare the
prefactor c from the experiments with the theory �11�. The
friction coefficient for smooth glass beads is ��0.36, which
leads to a theoretical prediction of c�0.3 for rotating cylin-
ders and is about half of the experimentally determined value
for vanes. This is not surprising because unlike vanes, cylin-
ders only tangentially shear beads; whereas beads at the ad-
vancing sides of vanes will also be pushed. Thus, a surface
integral of the stresses acting on the vanes is a combination
of shear stresses as well as normal stresses.

V. SCALING OF THE VERTICAL LIFT

Interpreting the lift forces acting on rotating vanes is far
more challenging in many ways. Neither Bocquet et al. nor
Tardos et al. deal with the lift forces in their experiments
involving rotating cylinders �11,17�. Second, the scatter in
the normal forces is about an order of magnitude larger than
for the torques. Third, for the largest beads the normal forces
show an oscillation that depends on immersion depth—see
Fig. 2�a�. In order to deal with the latter two complications,
we smooth the data and omit the largest beads from the fit-
ting and error analysis.

The continuum approaches state that the granular pressure
on the sides of the cylinders is hydrostatic in nature. The

close agreement with the vane experiments indicates that the
granular pressure on the sides of the vanes should also be
hydrostatic in nature. One would naively expect that the lift
force acting on the bottom of the rotating vane is propor-
tional to the area of the vane bottom and the granular pres-
sure: Fz��gzWT. The best fit using the naive estimate is
Fz=3.5�gWTz, which, however, does not follow the trends
of the data and has a large error 
2=0.78. Thus we formulate
a more general scaling ansatz for the lift force

Fz

�g�3 = cA��Z

�
��

, �2�

where � is the length scale for the lift force, and A is the
geometry’s aspect ratio �A=T /W�1�. The exponents are �
for the aspect ratio, and � for the effective immersion depth
Z. The length scale of the lift force does not have to be the
vane diameter; indeed given the above estimate, �=W, A
=T /W, �=1, and �=1.

Table II shows six formulations for the lift force in order
of increasing complexity of the effective vane dimensions.
The first row is a simple estimate, which neglects the vane’s
thickness and the bead size, and has the largest error �but still
performs much better than the naive estimate�. A slight im-
provement is seen in the second row, where the vane’s thick-
ness has been incorporated by using the vane diameter. A
further improvement is seen in the fourth row, when the fi-

FIG. 3. �Color online� �a� Re-
scaled plot of the torque depen-
dence on the immersion depth, for
three vanes, including the smallest
and largest vanes, and the smallest
and largest beads. The thick, solid
gray line shows the best fit to a
power law given by Eq. �1� �the
last row of Table I�, where the
vane diameter is used and the fi-
nite bead size is included. �b� The
dependence of the mean square
fitting error on the three fitting
parameters—see the text.

TABLE II. Table of the best-fit parameters to the lift force given by Eq. �2�, in order of decreasing fitting
error.

� Z c � A � � 
2

W z 1.27 NA NA NA 1.36 0.31

W2+T2 z 0.48 NA NA NA 1.36 0.26

W+2�d z+�d 0.92 0.63 NA NA 1.27 0.29

W2+T2+2�d z+�d 0.42 0.70 NA NA 1.25 0.23

W2+T2+2�d z+�d 0.87 0.38 �T+2�d� / �W+2�d� 0.44 1.29 0.10

W+2�d z+�d 1.07 0.33 �T+2�d� / �W+2�d� 0.51 1.28 0.10
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nite bead size is included in terms of effective vane diameter
and aspect ratio. The justification for working with an effec-
tive aspect ratio �T+2�d� / �W+2�d� is that we expect a lift
force acting on the vane even in the limit of very thin vanes,
because beads about the vane’s bottom will be pushed down
by the bottom edge as the vane rotates. The last two rows
show the best results, when the bead size, aspect ratio, and
immersion depth are used. It should be noted that for all of
the trial functions the depth dependence of the lift force is
supralinear, and has the trend Fz�Z1.3±0.1.

Figure 4�a� is a rescaled plot of the data using the param-
eters from the last row of Table II. Although the d=5 mm
beads were omitted from the fitting analysis, Fig. 4�a� shows
that the normal forces from shearing d=5 mm beads follow
the same trends as for smaller beads. The sensitivity of the
fitting error on the parameters �, �, � is plotted in Fig. 4�b�.

The lift on the rotating vane is due to the pressure acting
on the bottom surface of the vane, which experiments show
increase in a supralinear fashion, N�z1.3. Furthermore, the
pressure on the bottom of the rotating vane is not uniformly
distributed, because the lift increases sublinearly with the
vane thickness Fz�T1/2. We conjecture that the pressure at
the leading edge of the vane is greatest, because the shearing
causes dilation of the regions in front of the leading edge;
conversely, behind the leading edge the dilated regions col-
lapse. In this fashion, the flow of beads along the vane’s
bottom may resemble boundary layer theory for viscous flu-
ids �23�.

VI. CONCLUSIONS

The torque on vanes rotating in glass beads follows the
same power-law behavior as cylinders �11,12,16,17�, when
the vane diameter is used and finite bead size effects are
included. The only difference is that the torque on vanes is
twice that of cylinders with an equivalent diameter. We at-
tribute the difference in prefactor between vanes and cylin-
ders to two effects. First, the sides of a vane actually push
beads; whereas for rotating cylinders, the sides are only
shearing the beads. Second, as can be seen from Fig. 1�a�,
the shearing zone for a vane extends over tens of bead diam-
eters, which is much greater than the shearing zone com-
monly observed for rotating cylinders �about ten bead diam-
eters� �17�.

The lift forces have very different dynamics from the
torques. Unlike the torque, the lift strongly depends on the
effective aspect ratio, and experiments indicate the depen-
dence Fz�A1/2. Furthermore, the relative fluctuations of the
forces on the bottom of the vane are far greater than those on
its sides. Moreover, we deduce that pressure on the bottom of
the vane is not hydrostatic, but has a supralinear immersion
depth dependence Fz�z1.3 and also is not uniformly distrib-
uted along the bottom face. A similar depth dependence has
been observed for intruders slowly plunging into beds of
glass beads �10�. Although the rotating vane is not plunging
into the granular bed, the shearing causes a dilatational flow,
where locally the beads are moving upward toward the free
surface. Thus, the granular flow about the vane’s bottom sur-
face resembles that for plunging intruders. The similarity ex-
tends to the force dependence on the width and thickness of
the intruder; in both cases the lift depends linearly on the
longest dimension �Fz�W� and sublinearly on the shorter
dimension �Fz�T1/2�. However, the prefactor for plunging is
about an order of magnitude greater than that for rotation,
which may result from loosening of the granular pack during
the shearing process.

By augmenting the vane’s dimensions by a bead diameter,
the experimentally determined power-law trends of both the
torque and lift force are preserved even when the beads are
comparable in size to the vane. This experimentally justifies
extending continuum approaches for mean, time-averaged
forces to very granular systems.

Based upon these experiments, we formulate the follow-
ing picture of the forces along the sides and bottom of the
rotating vane. Along the sides of the rotating vanes the
granular pressure is hydrostatic, i.e., increases linearly with
depth. On the bottom surface of the rotating vane the average
pressure increases supralinearly with depth, and is not uni-
formly distributed. We conjecture that the pressure is greatest
at the leading edge and diminishes in the direction of the
flow.
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FIG. 4. �Color online� �a� Res-
caled plot of the lift force depen-
dence on the immersion depth, for
three vanes, including the smallest
and largest vanes. The thick, solid
gray line shows the best fit to the
power law given by Eq. �2� and
the last row of Table II. �b� The
dependence of the mean square
fitting error on the three fitting pa-
rameters �, �, and �.
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